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Gains in large-model pretraining recipes are usually booked to a named component — a new normalization,
optimizer or schedule. Yet in normalized networks most weights are scale-invariant, and the step actually
applied is the ratio of the nominal learning rate to the weight norm: the effective learning rate (ELR). Recent
studies show that once ELR trajectories are matched, weight-normalized and weight-decayed training largely
coincide and runs with different learning rates and norms collapse onto one curve, while systematic benchmarks
find that claimed optimizer speedups shrink markedly under equal tuning budgets and end-of-training
comparison. We argue that until ELR is aligned and tuning budgets are equal, most gains in the normalization,
optimizer and schedule debates cannot be attributed; recipes should be designed in ELR rather than nominal
learning rate, and compared by aligning first and scoring second. We formalize scale invariance, ELR, norm
equilibrium, cumulative ELR, gain decomposition and apparent speedup, and contribute a five-channel
framework, a five-route comparison, an ELR-matched attribution algorithm, three seeded illustrative
simulations and five falsifiable forecasts.
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pretraining recipes

Introduction

Over the past two years, pretraining "recipes" have become
a busy research market. Normalization has changed, from
LayerNorm to nGPT, which constrains every vector to the
unit hypersphere'? optimizers have changed, from Adam
and AdamW to Muon, built around matrix
orthogonalization®”; and learning-rate schedules have
changed, from cosine annealing to warmup-stable—decay
(WSD), linear decay to zero and schedule-free methods®”.
Each change comes with a sizeable claim: nGPT reports a 4-
to 20-fold reduction in the training steps needed to reach the
same accuracy, Muon's scaling experiments report roughly
2x computational efficiency, and ScheduleFree+ reports a
31% improvement over current schedules in long runs at
1,000 tokens per parameter (all per the papers)*>*.

The question is which component those gains belong to.
A paper released on 29 October 2026 challenges one class of
attribution directly: the pretraining-loss gains of weight-
normalized training over weight decay are driven mainly by
the effective-learning-rate trajectory it induces rather than
by normalization itself, and matching ELR trajectories
largely collapses the loss dynamics of the two (per the
paper)™. The authors conclude that schedules should target
ELR rather than the nominal learning rate and propose AIR
decay, which, in 128-billion-token mixture-of-experts
pretraining and at matched cumulative learning rate, lowers
terminal training loss by about 0.01 relative to cosine (per
the paper). A study two months earlier reported a more
general "ELR collapse": across optimizers, architectures,
datasets and scales, runs with different learning rates and

parameter norms collapse throughout training once their
ELRs are matched, with mean collapse errors typically a few
x 1073, below seed-to-seed variation in a representative
configuration (per the paper)'.

These results did not come from nowhere. In 2017 van
Laarhoven showed that, combined with normalization, 1.2
regularization does not regularize but instead changes the
weight scale and hence the effective learning rate'; Zhang
and colleagues listed "increasing the effective learning rate"
as one of three mechanisms of weight decay'; Li and Arora
proved that with batch normalization, weight decay and
momentum one can even train with an exponentially
increasing learning rate', and follow-up work defined the
product of learning rate and weight decay as an "intrinsic
learning rate"'®. Work on spherical motion dynamics and
"rotational equilibrium" further showed that weight decay
drives the average angular update of each layer to a steady
state’'®, In other words, "the step is set jointly by the
nominal learning rate and the norm" is a repeatedly
demonstrated mechanism; what is new is that it is now being
verified quantitatively at LLM pretraining scale and used to
explain recent recipe gains.

Existing discussions leave three gaps. First, recipe papers
usually sweep and compare in nominal learning rate and
seldom report per-group norms or angular updates, so one
cannot tell whether a gain merely reflects a different ELR
trajectory''2. Second, optimizer comparisons often use
unequal tuning budgets, a single scale or batch size, or mid-
training checkpoints, and systematic benchmarks show that
each of these can inflate or flip the conclusion'*?'. Third,
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enterprise continued pretraining and domain adaptation face
the same questions — will re-warming the learning rate
cause forgetting, which schedule to use”** — but these are
rarely discussed in ELR coordinates.

Our central thesis is that in modern normalized LLMs,
ELR is the common coordinate linking learning-rate
schedules, norm control and loss dynamics; until ELR is
aligned, tuning budgets are equal and comparisons are made
at the end of training, most gains in the normalization,
optimizer and schedule debates cannot be attributed. Two
engineering claims follow: recipes should be designed in
terms of ELR trajectories rather than nominal learning rates,
and recipe comparisons should align first and score second.
We make three contributions:

1. A unified formalization of scale invariance, ELR, norm
equilibrium under decoupled weight decay, cumulative
ELR and loss curves, a three-way gain decomposition
and apparent speedup (equations (1)—(6)), with a
notation table, showing why the nominal learning rate is
not comparable across recipes and why a loss gap of
order 0.01 can be reported as a double-digit "speedup".

2. A five-class framework that sorts recipe changes by the
channel through which they act on ELR, and a
mechanism-level comparison of five routes — nominal
schedule engineering, norm control, new optimizers,
schedule-free training with weight averaging, and
hyperparameter scaling laws — with evidence for and
against.

3. An ELR-matched recipe-attribution algorithm (Algorithm
1), three seeded illustrative simulations and five
forecasts, each with a time scale, evidence, a falsification
condition and implications for enterprises.

Problem formalization and notation

Scale invariance

Let W be a parameter group (a layer's weight matrix or a
neuron's weight vector) and f the training loss. If the group
is followed by normalization (batch, layer or RMS
normalization, or weight normalization**®), then for any c
>0

f(cW) = f(w) (W, Vf(W)) =0

= Vf(eW) = Vf(W)rc,

(M
Equation (1) has two direct consequences: the gradient is
inversely proportional to the weight norm, and it is
orthogonal to the weights, so a gradient step can only
increase the norm. Weight normalization was originally
proposed precisely as a reparameterization that decouples a
weight vector's length from its direction®. In modern
Transformers, much of the freedom in the linear layers
surrounded by RMSNorm, QK normalization and the like
approximately satisfies equation (1) in the forward pass®*%;
nGPT pushes the property to its limit by constraining all
vectors to the unit hypersphere®.

Effective learning rate

For a group satisfying equation (1), what changes the
function is the change in direction W = W/IWI. With
nominal learning rate 1),, define the effective learning rate

n:=n/IWilr, p =2 (SGD-type); p = 1 (Adam, Lion,
Muon, etc.) 2)

The exponent follows from how the update depends on the
norm: under equation (1) the SGD gradient shrinks as 1/IWI,
and converting to a change in direction divides by IWI once
more; adaptive and orthogonalizing optimizers produce
updates of roughly scale-free magnitude, so the division
happens once'>'*'8, For p = 1, njlu is approximately the per-
step angular update, where u, is the update direction
produced by the optimizer. The spherical-motion-dynamics
paper proposes the "angular update" as a direct substitute for
ELR as a measure of training progress'’; the MuonGS paper
uses N/IW{ as the ELR and analyses its accumulation?®.

Norm equilibrium under decoupled weight decay
AdamW decouples weight decay from the gradient®.
Ignoring correlation between update and weights, the norm
after one step satisfies

IWeil2 % (1 = n)AWI2 + naul? =
= lulAWI* = V(2n}) 3)

Equation (3) says that with constant 1 and A the norm
approaches an equilibrium at which the angular update 6*
depends only on nA and not on the update magnitude. This is
the core result of "rotational equilibrium": weight decay
equalizes the average rotation across layers and neurons'®,
Wang and Aitchison reach the same quantity from another
direction: the weights learned by AdamW can be read as an
exponential moving average of recent updates with a time
constant of 1/(nA) steps, and the optimal time constant
measured in epochs is roughly constant across model and
dataset sizes®. Power Lines writes it as T = B/(nAD) and
finds that the optimal T follows a power law in tokens per
parameter D/N (per the paper)®. Some work questions the
convention that A be proportional to 1, arguing instead for a
scaling with n? at steady state®’. These disagreements make
the point: A and n are not two independent knobs but a pair
that jointly sets the ELR.

Equation (3) also has a counter-intuitive corollary: the
equilibrium is not always stable. A recent study derives an
exact discrete-time law for how learning-rate schedules and
weight decay interact in scale-invariant optimization, shows
that a constant learning rate with weight decay cannot stably
maintain an interior equilibrium, and separates contraction-
dominated from expansion-dominated ELR regimes®;
another calls the mechanism by which excessive decay
drives scale-invariant norms towards zero, sharpness up and

the loss into spikes "weight-norm criticality"*.

Wiz~ nlulz/(22), 6
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Cumulative ELR and the loss curve
The effect of schedules on final loss has recently been
captured by several empirical laws: Tissue and colleagues
describe the full loss curve with the area under the learning-
rate curve, S;, and an annealing area, S,™; the multi-power
law adds extra decay-induced reductions to a power law in
the sum of learning rates®. The ELR view replaces the
nominal learning rate in these laws with the ELR:

Sr = ¥ <sub>t<T</sub>n; L(T)~Lo+ASa — CS?

“4)

where S@ is the annealing area measured in ELR. Per the
paper, replacing the learning rate with ELR lets a fitted
functional scaling law transfer across norm-control
methods'?; the MuonGS paper proves that Muon without
norm control accumulates ELR only logarithmically,
whereas variants with weight decay or a hyperball constraint
accumulate at least linearly, which helps explain the
former's slower empirical progress®. The engineering
meaning of equation (4) is that two recipes with different
cumulative ELR and annealing area will produce different
loss curves even if their "components" are identical.

A three-way decomposition of gains

Let baseline recipe A and candidate recipe B reach terminal
losses La and Lg at equal compute, with observed gain Agys =
L — Lg. Split it into three parts:

Aabs = Ainrr + AELR + Atune + g,

©)

Ainrr = LA(n:efy k) - LB(n':ff! k)

Table 1 | Main notation

A is the gain of the component itself, measured with both
recipes on the same reference ELR trajectory nws and the
same tuning budget k; Apr is the difference caused by
different ELR trajectories; Awne is the difference caused by
unequal tuning — if the candidate tried kg configurations
and the baseline only ks < kg, then, writing m(k) for the
expected best terminal loss over k trials, pure noise already
gives E[Awne] = m(ka) — m(ks) > 0; € is seed noise. The gain
of weight normalization over weight decay lies mainly in
Apir''; in optimizer benchmarking, the findings that
"optimal hyperparameters for one optimizer may be
suboptimal for another" and that "mid-training comparisons
can flip because of learning-rate decay" correspond to A e
and to comparison-time bias respectively®.

From loss gaps to "apparent speedups"

Recipe papers often convert loss gaps into "the multiple of
compute or tokens needed to reach the same loss". If, over
the comparison range, loss follows L(C) = E + A-C™%%,
then

s(4) = exp{In[(L - E)(L - E - A)]/a} (6)
When o is small and L — E is small, s is very sensitive to A.
With a = 0.15 and L - E = 0.5, a loss gap of 0.01
corresponds to an apparent speedup of about 1.14x
(illustrative parameters). A loss gap inside the range of seed
noise and tuning asymmetry can therefore be reported as a
"speedup of a dozen percent or more". Equation (6) is not
wrong; the error is to plug in an undecomposed Aqps.

Notation
Table 1 summarizes the notation.

Symbol Meaning Where used

W, W, c parameter group, its direction, any positive Eq. (1)
rescaling

No No P nominal learning rate, effective learning rate, Eq. (2)
norm exponent

A, u,, 0% decoupled weight decay, update direction vector, Eq. (3)
equilibrium angular update

St, §S@, Lo, A, C, cumulative ELR, ELR annealing area, loss-law Eq. (4)
parameters

Dobsy Dintry Derr, Drune, K observed gain, component gain, ELR difference,  Eq. (5)
tuning difference, tuning budget

E, s(A) irreducible loss, apparent speedup multiple Eq. (6)

Framework: five channels through which recipe
changes act on ELR

If ELR is the common coordinate, every recipe change
invites one question first: through which channel does it

change the ELR, and what else does it change? On that basis
we sort common pretraining recipe changes into five classes
(Table 2). The purpose is not to deny components any value
of their own, but to state, for each class, which control is
needed to align ELR.

Table 2 | Five channels through which recipe changes act on ELR: representative practices, effects beyond ELR, common misattributions

and the controls needed for alignment

Channel Representative practices

ELR

Possible effects beyond

Control needed for
alignment

Common misattribution

C1 Nominal schedule cosine, WSD, linear decay

to zero, AIR, logarithmic

bias—variance trade-off in
the annealing phase

crediting a lower or longer
late-stage ELR to the shape

compare at equal
cumulative ELR and
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C2 Norm control

C3 Update geometry

C4 Parameterization and
scale

decay

weight decay, weight
normalization, hyperball
constraints, norm caps

Adam - Muon,
Shampoo/SOAP and other
matrix preconditioners

uP, layer-wise weight-
decay scaling, QK

numerical stability,
plasticity, representational
separability

choice of direction,
sensitivity to batch size

relative allocation of ELR
across layers, stability

of the schedule

crediting the ELR
difference induced by norm
trajectories to
normalization itself
reading results from
unequal tuning and a single
batch size as a universal
speedup

reading "can use a larger
learning rate" as "learns

annealing area

ELR transplant: make one
recipe reproduce the other's
ELR trajectory

equal tuning budgets,
several batch sizes, several
scales, end-of-training
comparison

report per-layer ELR and
angular updates, compare

normalization region

C5 Estimator weight averaging,
checkpoint merging,
terminal shrinkage
averaging

variance

replaces decay with
averaging, reduces terminal

faster" under fixed stability

constraints
crediting estimator gains to
the schedule

fix the trajectory, compare
only how the returned
model is estimated

C1 is the most direct channel: a nominal schedule is written
straight into n,. Work on linear decay to zero found that, at
the optimal peak learning rate, D2Z consistently beats other
schedules at compute-optimal dataset sizes; per the paper, a
610-million-parameter model trained for 80 tokens per
parameter with D2Z reaches lower loss than the same model
trained for 200 tokens per parameter with decay to one tenth
of the peak, which the authors describe as about 60%
compute savings®, Their explanation is exactly the trade-off,
in the exponential-moving-average view, between "moving
away from initial conditions" early and "averaging over
noise" late®”. The conclusion holds in nominal learning
rate; but when the norm changes during training, the
nominal schedule and the ELR schedule diverge, which is
where AIR starts'.

C2 is about the norm. Weight decay, weight
normalization and hyperball constraints all change the
trajectory of IWI and hence the denominator of equation (2).
Controlled interventions in the ELR-collapse study show
that weight decay and hyperball constraints shape loss
dynamics mainly through the ELR schedules they induce
(per the paper)'?. Norm control still matters beyond ELR:
larger weight decay has been found to increase the plasticity
of pretrained models, so that some base models with worse
pretraining loss end up better after fine-tuning (per the
paper)®; in near-single-epoch LLM training, weight decay
has also been explained as balancing the bias—variance
trade-off of stochastic optimization and improving
stability®. These are candidate sources of Ay, but they can
only be confirmed after ELR alignment.

C3 is update geometry. Matrix optimizers such as Muon
change the direction and magnitude of u. Moonshot's
scaling experiments report about 2x computational
efficiency for Muon while noting that scaling Muon up
requires adding weight decay and carefully adjusting the
per-parameter update scale® — both of which are ELR
knobs. Essential Al reports that Muon retains data efficiency
better far beyond the critical batch size’; and a very recent
study proves that gradient noise introduces a bias—variance
trade-off into preconditioning that can reverse optimizer

rankings across batch sizes even when learning rate and
momentum are optimally tuned®. Theory has begun to
analyse Muon's training dynamics for next-token prediction
in Transformers*, and other work shows that its large-step
dynamics are not captured by the classical edge-of-stability
picture®. All of this suggests that C3 gains may be partly
real, but their size depends on batch size, scale and ELR
settings.

C4 concerns how ELR is distributed across layers. pP lets
the learning rate transfer zero-shot from small to large
models®; large-scale experiments across parameterizations
and optimizers found that the best learning-rate scaling
prescription would often have been excluded by the
assumptions of prior work®. In modern scale-invariant
architectures, training soon enters an optimizer-governed
steady state in which ELR becomes width-dependent and pP
transfer degrades; one study therefore proposes scaling
weight decay with width to keep sublayer gains invariant®.
Stabilizers such as QK normalization change the ceiling on
usable learning rates: small-scale proxy experiments show
that attention-logit growth and output-logit divergence in
large models also appear in small models trained at high
learning rates, and that the corresponding mitigations are
equally effective there?®”. "Can use a larger learning rate" is
not a gain in itself; it only widens the feasible ELR range.

C5 is the estimator. Weight averaging, checkpoint
merging and terminal shrinkage averaging all try to replace
learning-rate decay with averaging. A systematic evaluation
on AlgoPerf shows that weight averaging significantly
accelerates training and yields considerable efficiency gains,
and shows how best to combine averaging with learning-rate
annealing*®; WSM formally links decay and merging and
finds the merge window to be the most critical factor”;
terminal shrinkage averaging reveals an interaction between
the schedule and "which model is returned": once the
estimator is separated out, the preferred terminal schedule
changes®. Weight averaging has also been found to affect
post-training quantization®. Booking C5 gains to C1 leads
to choosing the wrong schedule.
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Mechanism analysis and route comparison

Why nominal learning rates are not comparable

Within a recipe, IWI stands between the nominal learning
rate 1 and the ELR. When two recipes have different norm
trajectories — one with weight decay and one with the norm
fixed, one starting from a large initialization and one from a
small one — the same n corresponds to different n” "Both
recipes were trained at 1 = 3x1074" therefore does not mean
they were compared under equal conditions. Equation (3)
gives a finer corollary: at the equilibrium of decoupled
weight decay the angular update depends only on naA, so
doubling n and halving A leaves the equilibrium ELR
unchanged and only alters how fast equilibrium is
reached'®®. Read this way, Power Lines' findings that the
optimal A scales linearly with batch size and that the optimal
time constant follows a power law in D/N say that what is
really being optimized is the time constant and the ELR, not
n or A on their own®,

Hyperparameter scaling laws point the same way. Step
Law trained more than 3,700 models and found that, at fixed
model and data size, the hyperparameter landscape is
convex with a broad optimum and that the optimal learning
rate follows a power law in model and data size (per the
paper)®; another study found that the optimal learning rate
of Adam-style optimizers first rises and then falls with batch
size, a "surge" phenomenon®; under WSD schedules, the
classical critical-batch-size theory needs revising®*; in ultra-
sparse mixtures of experts the optimal learning rate and
batch size also vary with the activation ratio®; and the
OpenEuroLLM derivation examines whether optimal
learning rates and batch sizes transfer between the stable and
decay phases®. All of these regularities are fitted in nominal
coordinates; if the norm-control method changes, the fitted
coefficients may fail — which is the significance of the
ELR-collapse finding that scaling laws transfer across norm-
control methods once the learning rate is replaced by ELR".

Reinterpreting normalization gains

nGPT's 4- to 20-fold reduction in steps is one of the most
striking numbers on the normalization route in recent years?.
The nGPT training recipe released in August 2026 gives a
more conservative and more checkable result: on a 30-
billion-total-parameter ~ hybrid =~ Mamba-2—-Transformer
mixture-of-experts model, reaching the same validation loss
takes about half as many training tokens as an unnormalized
model of the same architecture trained with AdamW (per the
paper); notably, the recipe itself contains ELR-level design
such as logarithmic learning-rate decay and "angular update
control"®. The approximately normalized Transformer
likewise reports that approximate normalization by scalar
multiplication, together with norm constraints on
parameters, removes the need for weight decay and
learning-rate warmup®.

The ELR view does not deny these gains; it changes their
explanation. With a fixed norm the nominal learning rate is
(proportionally) the ELR, so a schedule designed in nominal
coordinates is a schedule in ELR coordinates; in a weight-
decay recipe, by contrast, the ELR is set jointly by n, A and
the norm dynamics, and is often too small early on and too
large later as the norm shrinks. This is the sense in which the
AIR paper says that the gains of weight normalization come
mainly from its ELR trajectory, and that applying the same
ELR trajectory to weight-decay training reproduces the
corresponding training dynamics (per the paper)!’. It also
explains why warmup benefits from controlling ELR:
warmup has been found to work by limiting overly large
early angular updates®, or by moving the network into
better-conditioned regions so that it tolerates a larger target
learning rate®,

Tuning asymmetry in the optimizer debate
Optimizer comparison is where Ay, most readily appears.
The authors of the AlgoPerf benchmark noted in 2023 that
the community cannot reliably identify improvements to
training algorithms, citing how to decide when training is
complete, the sensitivity of measurements to workload
details and how to compare algorithms that require tuning
fairly?’. The analysis of the first competition shows that the
winner under the external-tuning ruleset used Distributed
Shampoo, while the winner under the self-tuning ruleset was
Schedule-Free AdamW?®®; in the new AlgoPerf V1 results
released in October 2026, Schedule-Free AdamW again
ranked top among 13 submissions under the self-tuning
ruleset, which requires a single configuration across all
workloads, and learning rate and momentum were highly
sensitive across domains and algorithms (per the paper)®.
More direct evidence comes from a systematic study of
ten optimizers: the authors identify two methodological
flaws behind earlier comparisons claiming 1.4-2x speedups
— unequal tuning and limited or misleading evaluation
setups; with rigorous tuning and end-of-training comparison,
the actual speedup of many optimizers over well-tuned
baselines is lower than claimed and declines with scale to
only about 1.1x at 1.2 billion parameters, and rankings at
intermediate checkpoints can flip because of learning-rate
decay (per the paper)™. This matches the decomposition in
equation (5): if the candidate optimizer was tuned more, or
compared before decay began, A contains Awne and timing
bias.

Schedules: the late-stage ELR is the main source of gains
If the loss curve is mainly set by cumulative ELR and
annealing area (equation (4)), then differences between
schedules should show up mainly at the end. The evidence
agrees. WSD schedules keep the loss elevated during the
stable phase and drop it sharply during decay, which the
river-valley hypothesis explains as progress along the river
floor during the stable phase and descent to the valley floor
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during decay”®'; work on the cooldown phase finds that
cooldown shape reflects a bias—variance trade-off whose
effect is comparable to tuning AdamW hyperparameters®; a
constant learning rate with cooldown scales as predictably
as cosine and allows training runs to be reused, cutting the
cost of scaling experiments®. The AIR paper further finds
that a shared late-stage ELR schedule attenuates the effect of
earlier learning-rate choices, a key source of its gains (per
the paper)". Work on loss-curve "collapse” corroborates this
from the other side: compute-optimally trained models of
different sizes collapse onto one curve after normalization,
more tightly with learning-rate decay, and the collapse
breaks when hyperparameters are scaled suboptimally®*®.
Schedule-free and anytime training are, at heart, attempts
to approximate with averaging or a particular decay shape
an ELR trajectory that "suits any stopping point": Schedule-
Free unifies scheduling and iterate averaging® and has been
explained as navigating the river-valley structure without a
decay phase®; theoretical work on anytime pretraining
stresses the role of weight averaging in reaching minimax
convergence rates”’; WSgD replaces WSD's constant phase
with a shifted inverse-square-root base®; AIR's 1/Vt decay
belongs to the same family''. Some work tries to learn
schedules online: SOLAR learns bounded, state-dependent
residual corrections relative to a base schedule®; "reactive
optimizers" go further, letting a language-model agent
inspect training dynamics during a single run and rewrite
optimizer code, and their decisions most often change
learning-rate schedules, optimizer structure and numerical
precision”. If the decision variable of such methods is the
nominal learning rate, they too are exposed to norm drift.

Stability: the cost of too large an ELR

More ELR is not always better. In theory, the fixed-norm
updates of normalized SGD induce an ELR that grows as
gradients shrink: it accelerates learning early on, but at finite

step size ultimately breaks the acceleration and leads to
marginal stability’’. In practice, loss spikes are often tied to
logit growth: an October 2026 study finds that delayed
"time-bomb" spikes appearing only after long training are
preceded by rapidly growing quantization error in the
language-model head, and that lower numerical precision
accelerates the spikes while higher precision improves
stability (per the paper)’; weight-norm criticality supplies a
spike mechanism from the norm side®. Technical reports of
leading open models all put stability at the centre of recipe
design: OLMo 2 reports architecture and recipe changes
focused on training stability and introduces a specialized
data mixture during the annealing phase of pretraining’?;
Llama 3 reports annealing on small amounts of high-quality
data at the end of pretraining’™; DeepSeek-V3 reports a
learning-rate plan that is constant first and then decays in
stages”™. All of these act directly on the late-stage ELR, yet
the reports rarely give the ELR itself.

Counter-evidence: ELR is not everything

The ELR view has three limits. First, it applies mainly to
scale-invariant parameter groups; embeddings, output heads,
biases and normalization gains do not satisfy equation (1),
their learning rate remains the nominal one, and they are
often the source of instability**’%. Second, components may
contribute beyond ELR: weight decay's effects on plasticity
and representational separability®, the data efficiency of
matrix optimizers at large batch sizes®* and nGPT's token
efficiency at the 30-billion-parameter scale®® are not yet
fully explained by ELR. Third, the precision of ELR
collapse depends on normalization design and the timescale
of learning-rate—norm variation?, and in repeated-data,
multi-epoch  settings the optimal batch size and
regularization also change’. Our claim is therefore "align
before attributing”, not "every gain is ELR".

Table 3 | Mechanism-level comparison of five routes to better recipes (gains as reported by the papers)

Route

Main mechanism

Reported gain

Evidence remaining
after ELR alignment

Main risk

Conditions of use

R1 Nominal schedule
engineering (D2Z,
WSD, AIR)

R2 Norm control
(WD, WN, hyperball,
MuonGS)

R3 New optimizers
(Muon, SOAP,
Shampoo)

R4 Schedule-free plus
weight averaging

RS Hyperparameter
scaling laws and pP
transfer

changes cumulative
ELR and annealing
area

changes the IWI
trajectory and thus
ELR

changes update
geometry and
preconditioning

replaces decay with

averaging

predicts optimal n, A,
B

D2Z ~60% compute
savings; AIR terminal
loss ~0.01 lower
nGPT 4-20x fewer
steps; ~half the tokens
with the training
recipe; MuonGS
~15%

Muon ~2x; ~1.1x at
1.2B under rigorous
comparison

ScheduleFree+ 31%
better at 1,000 TPP;
first in AlgoPerf self-
tuning

Step Law predicted
optimum within
0.094% of exhaustive
search

AIR still beats cosine
at matched cumulative
learning rate

WN and WD
dynamics largely
coincide after ELR
alignment

partly retained, varies
with scale and batch
size

averaging accelerates
markedly; best
combined with
annealing
coefficients fitted in
nominal coordinates
may fail when norm
control changes

norm drift makes the
nominal schedule
deviate from ELR

too small a norm
causes spikes;
plasticity changes

tuning asymmetry,
batch-size
dependence, wall-
clock overhead
memory overhead;

extrapolation to long
runs

transfer degrades at
steady state

known stopping point,
or branchable
cooldowns

scale-invariant groups
dominate

large batches, mostly
matrix parameters

unknown stopping
point, continual
training

fixed recipe, only
scale changes
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The numbers in Table 3 are self-reported by the
papers>>8101119.28503580. their baselines and conditions differ
and they cannot be added up across rows. What Table 3
conveys is that, for at least four of the five routes, part or all
of the gain can be explained by the ELR trajectory; the
remainder must be confirmed separately with Algorithm 1.

Method: ELR-matched recipe attribution

We now condense the analysis into an executable procedure.
The goal of Algorithm 1 is, given a baseline recipe and a
candidate change, to split the observed gain into the three
parts of equation (5) within a limited training budget, and to
decide on that basis whether to adopt the change.

Algorithm 1 | ELR-Matched Recipe Attribution (EMRA)

Input: baseline recipe A and candidate recipe B; a set of scales {IN} (at least two) and of data ratios {D/N} (at least two); a set of batch
sizes {B}; tuning budget k per recipe; number of seeds r; E and o for converting to apparent speedup
Output: estimates and intervals for Agps, Aine, Arr, Auwne; trends with scale; an adopt/reject decision; a recipe card
1: Instrument: for every scale-invariant parameter group log IW, lu/ and the angular update, and compute 1y by equation (2); for non-
scale-invariant parameters such as embeddings, output heads and gains, log the nominal learning rate separately
2: Equal-budget tuning: A and B use the same k and log-learning-rate search ranges of the same width, with end-of-training loss as the

objective; log every trial for estimating m(k)

3: ELR transplant: taking A's ntrajectory as reference, solve for B's nominal learning rate 1z, = na, WP (adjusted online by the current
norm) to obtain B’; if needed transplant in the reverse direction to obtain A’ and average the two

4: Score: at the end of training, over at least r > 2 seeds, compute Ags = La — Lg and A = La = Ly Aprr = Aovs —

estimated from the trial logs of step 2 via m(k)

Aimr - Alune, where Alune is

5: Repeat steps 2—4 across scales and batch sizes, testing whether A, shrinks with N or flips with B
6: Convert and decide: convert A;,: (not Aqs) to apparent speedup with equation (6); adopt B only if, at the largest scale, A;,« exceeds twice
the seed standard deviation and downstream fine-tuning does not degrade
7: Write the recipe card: record the ELR trajectory, cumulative ELR and annealing area (equation (4)), tuning budget and number of trials,
comparison time, and how parameter groups that violate equation (1) were handled
Complexity and scope: With ny, np and ng levels of scale, data ratio and batch size, the number of training runs is about 2-ny'np'ng-k-r,
plus ny-np*ng-t for ELR transplants; instrumentation costs O(number of parameter groups) per step. Applies to normalization-dominated
Transformer-type models; for models with a large share of non-scale-invariant parameters, step 3 aligns only partially, which must be noted

on the recipe card

Algorithm 1 embodies three design intentions. First, the
"ELR transplant" of step 3 corresponds directly to the
controlled experiments in the AIR and ELR-collapse
studies: make one recipe reproduce another's ELR
trajectory, and if the loss dynamics then coincide, the gain
1112 Second, steps 2 and 5 encode the
lessons of the optimizer-benchmarking literature: equal
tuning budgets, end-of-training comparison and checks
across scales and batch sizes'®*®, Third, step 6 brings
downstream fine-tuning into the decision, because
pretraining loss is not the only objective and components
such as weight decay change plasticity™.

lies mainly in Agr

Illustrative simulations

All numbers below are illustrative and show how equations
(1)—(6) interact. The model is a 64-dimensional scale-
invariant regression (prediction x-w/lwl, with label noise,
batch size 8, 3,000 training steps); the script and random
seed (20261105) are in src/figs.py. They do not represent
measurements of any real large-model training.

ELR collapse of weight normalization and weight decay.
We compare three runs: weight decay (nominal learning rate
0.6, A = 0.02, initial norm 3); weight normalization with the
per-step learning rate set to the n; measured in the weight-
decay run ("matched ELR"); and weight normalization with
the same nominal learning rate of 0.6 ("same nominal LR").
The smoothed loss curve of the matched-ELR run differs

from the weight-decay run by 0.0023 on average, less than
the 0.0092 obtained by rerunning weight decay with a
different seed; the same-nominal-LR run differs by 1.26 on
average, with a terminal excess loss of 1.398, an order of
magnitude above weight decay's 0.139 (Fig. 1). The ELR of
the weight-decay run moves from 0.067 at the start to about
0.042 at the end. In this toy model, then, whether
normalization looks better or worse depends entirely on the
ELR it is given, not on normalization itself.

B PRV SOUP 6x 107!
10° 4 4x101
S 3x10t
2 6x107 = -1
K — weightdecay (WD) =2x10 LR indoced bywd
2 4% 100 weight-normalised, matched ELR I ey
g o — ELRatsame nominal LR
g & — weightnormalised, samenominal IR~ @ g
§3x10q 2 10
| &
2x1079 | @ 6x107
i
A AN on o W, 4x102

T T 3x107 1 T T T
0 1000 2000 3000 0 1000 2000 3000
step step

Fig. 1 | After ELR alignment, the loss curves of weight
normalization and weight decay coincide. Left: excess loss of the
three runs (100-step moving average); right: the ELR induced by
weight decay and the ELR at the same nominal learning rate.
Tllustrative model, fixed random seed 20261105, computed by the HX
Research Team.

"Gains" manufactured by tuning asymmetry. Suppose two
optimizers are of exactly equal quality: terminal loss is a
quadratic function of the log learning rate (curvature 0.08),
the location of the optimum is unknown (standard deviation
0.35), and each run carries seed noise with standard
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deviation 0.006. Over 20,000 repeated comparisons: when
the candidate tries 12 configurations and the baseline 3, the
candidate "wins" by 0.0075 on average, and 63.4% of
comparisons show a win above 0.005; when the candidate
tries 12 and the baseline uses only defaults, the average win
is 0.0145 and 73.6% exceed 0.005; when each side tries 6,
the average win is zero, yet 23.8% of comparisons still show
a win above 0.005 because of noise (Fig. 2). By equation (6)
with « = 0.15 and L — E = 0.5, loss gaps of 0.0075 and
0.0145 correspond to apparent speedups of about 1.11x and
1.22x.

60 1 [ candidate 12 trials vs baseline 3
[ candidate 6 trials vs baseline 6

candidate 12 trials vs baseline 1

50 -
40 -

30 1

density

20 A

10 A

O T T £ T 1 T T T T T
-0.050 -0.025 0.000 0.025 0.050 0.07Y5 0.100 0.125 0.150

observed "gain" (baseline loss - candidate loss)

Fig. 2 | With unequal tuning budgets, two optimizers of identical
quality show systematic "gains". The three curves are distributions
of observed gains over 20,000 simulated comparisons; with equal
budgets the distribution is centred on zero, but its tail still crosses
common reporting thresholds. Illustrative parameters, fixed random
seed 20261105, computed by the HX Research Team.

A shared late-stage ELR weakens early choices. On weight-
normalized runs we compare two schedule families: cosine
decay to 10% of peak, and a shared tail that holds the peak
for the first 60% of training and then decays linearly from
0.3 to 0.003 over the last 40%. Early peak ELRs are 0.15,
0.3, 0.6 and 1.2. Under cosine the terminal excess losses are
0.032, 0.077, 0.220 and 0.676, a spread of about 21x
between worst and best; under the shared tail the terminal
excess loss is 0.031 at all four peaks, slightly better than the
best cosine result (Fig. 3). The toy model's "memory" is
shorter than the decay phase, so the attenuation is nearly
complete; for real large models the paper reports
attenuation, not elimination*'.

6x 107t ] =@~ cosine to 10% of peak

. —- shared late-stage ELR decay
4 X 1071

3% 107! A
2% 107!

final excess loss

1071 4

6% 1072 ]

4X 10721
3% 10721 = o u

0.15 0.3 0.6 1.2
early peak ELR

Fig. 3 | A shared late-stage ELR decay makes terminal loss
insensitive to the early peak. Terminal loss under cosine decay varies
strongly with the peak; the four points under the shared tail coincide.
Tllustrative model, fixed random seed 20261105, computed by the HX
Research Team.

Table 4 | Summary of illustrative simulations (fixed random seed 20261105)

Simulation Key setting Result Equations
ELR collapse 64-dimensional scale-invariant matched-ELR gap 0.0023 < seed Egs. (1)-(3)
regression, WD (n = 0.6, A = 0.02) gap 0.0092; same-nominal-LR gap
versus WN 1.26
Tuning asymmetry identical true quality; 12 vs 3,12 vs ~ mean "gain" 0.0075, 0.0145, 0; Eqgs. (5)—(6)
1, 6 vs 6 trials apparent speedup 1.11x, 1.22x,
1.00x
Late-stage ELR peaks 0.15-1.2; cosine to 10% cosine terminal losses differ ~21x; Eq. (4)

versus shared tail

shared tail 0.031 at all four peaks

Table 4 makes no claim about any real system: the same
component can look better, worse or no different under
different ELR trajectories and tuning budgets, so

Forecasts and research agenda

The following are views of the HX Research Team, not
statements of fact.

comparison is meaningful only after alignment.

Table 5 | Five forecasts (opinion)

No. Forecast Time scale Main basis Falsification Implication for
condition enterprises

1 Technical reports of 12-24 months ELR collapse'?; AIR"; by end-2028, no when training or
major open models angular-update technical report of a continuing pretraining
will begin to report control® major open-weight in-house, make ELR
per-group weight model gives norm or logs a mandatory field
norms or ELR curves of the training card
ELR/angular-update
trajectories, not only
nominal learning-rate
schedules

2 Under equal-budget, 6—18 months systematic benchmark  an optimizer keeps a when assessing vendor




enterprise domain
continued pretraining
and fine-tuning will
include "downstream
plasticity" together

warming and replay in
continued
pretraining®; infinite
schedules®

acceptance templates
of major enterprise
training platforms still
contain only
pretraining loss and
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end-of-training, multi- 1.1x"; batch-size >1.5x advantage in "speedup" claims, ask
scale comparison flips®®; AlgoPerf* strict equal-budget for tuning budget and
protocols, optimizer comparisons at several ~ comparison time
claims of "more than scales above a billion
1.5% speedup" above a parameters and is
billion parameters will independently
generally shrink to reproduced
within 1.2x

3 Schedules will 12-24 months AIR 1t WSqD®%; within two years the in continued
increasingly be anytime pretraining®’; default schedules of pretraining, design the
designed directly in ScheduleFree+" mainstream open- re-warming amplitude
ELR or angular- source training in ELR terms to
update space, and frameworks remain reduce the risk of
anytime schedules mainly nominal forgetting
plus weight averaging cosine, with no ELR
will become the option
default for continued
pretraining

4 Claims that 12-24 months WN and WD at >7B parameters and  before adopting an
"normalization itself dynamics coincide'*?;  under strict ELR architectural change,
brings large speedups" MuonGS cumulative alignment, the run an ELR-transplant
will be weakened by ELR* normalization route control
more ELR-aligned keeps an advantage
experiments, and several times seed
norm-control methods noise and is
will be seen as independently
different ways of reproduced
implementing an ELR
schedule

5 Acceptance of 6—12 months plasticity®; re- within a year, on train-while-serving

platforms, write ELR
and downstream fine-
tuning results into the
record of every model
update

with ELR logs, not
only pretraining loss

benchmark scores

The research agenda has four open questions. First, how
should the "effective learning rate" of non-scale-invariant
parameter groups (embeddings, output heads, gains) be
defined, and how does it interact with the ELR of the scale-
invariant part? Work on loss spikes suggests the output head
is often the bottleneck”. Second, can ELR alignment be
extended to matrix optimizers? Muon's updates are
orthogonalized, so its "angular update" needs to be defined
under the spectral rather than the Frobenius norm, and
analysis has only just begun®®*'. Third, are hyperparameter
scaling laws in ELR coordinates more robust than in
nominal coordinates, particularly for mixtures of experts and
repeated data®*’®? Fourth, can the decomposition of equation
(5) be turned into an auditable public protocol, so that recipe
papers report tuning budgets and ELR trajectories the way
they report seed counts?
Key points:
1. Equation (2): the step of scale-invariant parameters is
nominal learning rate over norm.
2. Equation (3): the equilibrium angular update is set by nA
alone.
3. Equation (4): cuamulative ELR and annealing area set the
loss curve; the tail matters most.
4. Equation (5): separate ELR difference and tuning
asymmetry before crediting a component.

5. Equation (6): a loss gap of order 0.01 can become a
double-digit "speedup".

Where common industry views may be wrong

"Normalization makes training faster." More precisely,
normalization changes the mapping between nominal
learning rate and ELR, so that the same nominal schedule
corresponds to a more suitable ELR trajectory. After ELR
alignment, the training dynamics of weight normalization
and weight decay largely coincide"'.

"The new optimizer gives a 2x speedup.” With rigorous
tuning and end-of-training comparison, many optimizers'
speedups fall below the claimed values and shrink with
scale'?; the best optimizer may also change with batch size®.
The 2x may be real, but it is a conditional number.

"You can judge a recipe from the mid-training loss
curve." WSD-type schedules keep the loss elevated in the
stable phase and reveal real progress only in the decay
phase®; rankings at intermediate checkpoints may flip
because of learning-rate decay'. Comparisons should be
made at the end of training or at aligned cooldown points.

"Hyperparameters transfer directly from small models."
pP only guarantees consistent update sizes near
initialization; once training enters the optimizer-governed
steady state, ELR varies with width and weight-decay
scaling is needed**.
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"Lower pretraining loss is always better." A base model
with larger weight decay may have slightly worse
pretraining loss yet do better after fine-tuning®; weight
averaging also affects post-training quantization®”. Recipe
acceptance criteria should include downstream adaptation.

Limitations

First, the simulations in Section 6 use a low-dimensional
scale-invariant regression; they illustrate mechanisms but
cannot give numbers for large models, and the "complete
attenuation" by the late-stage ELR is a consequence of the
toy model's short memory. Second, key evidence such as
ELR collapse and AIR comes from 2026 preprints;
conclusions are as self-reported by the papers and await
further independent replication'"*?. Third, the equilibrium
analysis of equation (3) ignores update—weight correlation
and momentum, so actual equilibrium values will deviate;
other work also argues for different scalings of A*'. Fourth,
Algorithm 1 is not cheap: ELR transplantation needs at least
one additional set of runs, and executing every step at the
largest scale is unrealistic for most teams; in practice one
can run it at two smaller scales and extrapolate, but the
extrapolation itself is risky.

Conclusion

ELR is not a new concept, but it is turning from a theoretical
footnote into the common coordinate of LLM pretraining
recipes. After ELR alignment, most of the difference
between weight normalization and weight decay disappears;
after rigorous tuning and end-of-training comparison, the
speedups of new optimizers shrink markedly; after sharing a
late-stage ELR, early learning-rate choices matter much less.
These three lines of evidence point to the same conclusion:
until ELR is aligned and tuning budgets are equal, most
gains in the recipe debates cannot be attributed.

For enterprises the implications are concrete. When
training or continuing pretraining in-house, log ELR, not
only the nominal learning rate; when assessing external
"speedups” and "new recipes”, ask about tuning budgets,
comparison time and whether ELR was aligned; in domain
continued pretraining, design the re-warming amplitude in
ELR rather than nominal learning-rate terms®?*. According
to the company website, Deep Hope S1 uses a train-while-
serving architecture in which statistics, machine learning,
deep learning and large models can be deployed and trained
on one on-premises platform, with professional capability
built through industry LLM distillation’”. On such platforms
we recommend writing the ELR trajectory, tuning budget
and downstream fine-tuning results into the training card of
every model update, so that recipe changes can be reviewed
and rolled back.
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Data availability

No new experimental data were generated. Figures quoted come
from the listed references and the company website; the
simulations were generated by script under the stated assumptions.

Code availability

The simulation and plotting script for Figs. 1-3 is src/figs.py
(Python, seed 20261105), provided with this article's package.
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